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Abstract 

For a given symmetrically normed ideal on an infinite dimensional Hilbert space 
we study the rectifiable distance in the classical Banach-Lie unitary group 

lArj, = {u a unitary operator inT-L, u — 1 G Z^}. 

We prove that one-parameter subgroups of lA^ arc short paths, provided the spectrum 
of the exponent is bounded by tt, and that any two elements oilA^ can be joined with a 
short path, thus obtaining a Hopf-Rinow theorem in this infinite dimensional setting, 
for a wide and relevant class of (non necessarily smooth) metrics. Then we prove that 
the one-parameter groups are the unique short paths joining given endpoints, provided 
the symmetric norm considered is strictly convex. This preprint has been replaced 
by [5j where the general case of convex Lagrangians in the unitary group 
is studied with similar techniques 

1 Introduction 

The group of unitary operators on Hilbert space carries, as any Banach-Lie group, a canon- 
ical connection without torsion V xY = ll-'^)^]; whose geodesies are the one-parameter 
groups t I— >• ne*^ (here u is a unitary operator and z an anti-Hermitian operator). In the 
finite dimensional setting, the trace is available to introduce a Riemannian metric on the 
unitary group in a standard fashion 

{x,y)g = Tr{u*x{u*y)*) = Tr{xy*), 

for u*x, u*y in the Lie algebra of the group, that is, for u*x, u*y anti-Hermitian matrices. 
It is well-known that the connection just introduced is in fact the Levi-Civita connection 
of the metric g induced by the trace, and that geodesies are short provided the spectrum 
of z is bounded by vr. 

Now consider the bi-invariant Finsler metric given by the uniform norm, 
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for any x tangent to a unitary operator u. Remarkably, if one keeps the connection but 
changes the metric, the geodesies of the connection are still short for the induced rectifiable 
distance (which, as in the Riemannian setting, is computed as the infimum of the length 
of piecewise smooth curves joining given endpoints, and ^(7) = ||7||df). The proof of 
this well-known fact deserves to be sketched here since is short and elegant: if 7 is a path 
of unitaries such that 7(0) = m,7(1) = v = ue^, with z any anti-Hermitian logarithm of 
u*v of norm bounded by vr, let p he a norming state for — > and ^ be a unit norm 
vector in the Hilbert space Tip of the Gelfand-Neimark-Segal representation induced by 
p, such that —z'^ ■ ^ = \\z\\'^^ (choose ^ to be the class of the identity operator). Then 
the map w ^ w ■ S,, from the unitary group to the unit sphere of Tip, with its standard 
Riemann-Hilbert metric, sends the one-parameter group 6{t) = ne*^ to a geodesic of the 
unit sphere, with equal lengths. Thus ue*^ • ^ is shorter than 7 • ^, and 

m = I \m> J ii7-eii«p> / \\{ue'^-o-\\n, = \\z\\ = m. 

This idea can be traced back to a paper by Porta and Recht y[7| , where it was used to prove 
the minimality of certain paths in the Grassmann manifold of a C*-algebra, see also [2] for 
a Hopf-Rinow theorem in the context of (infinite-dimensional) Grassmann manifolds. 

In recent years, there has been an increasing interest in the geometric properties of 
ideals I of compact operators on Hilbert space (see O O [9] and the references therein), 
and in particular in the Lie and representation theory of the subgroups of the linear group 
Gx, which consist of invertible operators g onT-L such that g — 1 G X. Of particular relevance 
is the group of unitary operators, since it acts isometrically on the ideals that arise from 
a symmetric norm, and gives rise to several homogeneous spaces such as the Grassmann 
manifold, which can be viewed as the coadjoint orbit of a fixed projection. 

In this paper we focus on the metric properties of the unitary groups arising from 
a symmetric norm on compact operators. We study short curves, and we prove what 
we think is a fundamental result in the interplay between the algebraic and geometric 
properties of these groups: one-parameter subgroups are short geodesies for the rectifiable 
distance induced by the symmetric norm, thus extending the above mentioned result for 
the Finsler metric induced by the uniform norm. We also prove that these geodesies are 
unique among short paths joining its endpoints, provided the symmetric norm involved is 
strictly convex. Since the paper is intended for those interested in metric geometry and 
operator algebras alike, we have tried to keep the prerequisites to a minimum, and we also 
included the proof of some perhaps well-known facts in both areas to make the paper more 
readable. 

This paper is organized as follows. In Section [2] we fix our notation regarding symmetric 
norms and the ideals of compact operators induced. In Section [3] we recall the notions of 
rectifiable length and rectifiable distance associated to a symmetric norm in U{'H). Then 
in Section m we introduce the notion of geodesic segment, which is a one-parameter group 
in such that its initial speed has spectrum contained in [—in, in]. We prove a certain 
triangle inequality valid for any symmetric norm (Proposition 14. 3p . the key tool to the 
proof of Theorem 14.71 This is one of the two main results of this paper, and states that 
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geodesies segments are short for any symmetric norm. In Section [5l we recall the notion of 
dual norm and prove some useful properties in connection with conditional expectations. 
We use these tools to prove Corollary 15.81 which is the other main result of this paper, and 
states that if the symmetric norm is strictly convex, then geodesic segments are the unique 
short paths joining given endpoints in U^. 

2 Symmetric norms 

Let Ti he a complex separable and infinite dimensional Hilbert space. In this paper B{T-L), 
ICiTi) and J{H) stand for the sets of bounded linear operators, compact operators and 
finite rank operators in H respectively. The unitary group of B{T-L) is indicated by 
and V{T-L) is the set of self-adjoint projections in BiJ-L). If x G B{7i), then ||x|| stands for 
the usual uniform norm, and we will use | • | to indicate the modulus of an operator, i.e. 
|x| = \Jx*x. We indicate with B{'H)h (resp. B{'H)ah) the real linear spaces of Hermitian 
(resp. anti-Hermitian) elements Bi(H). 

If II • II0 : B{l-L) ^ R U {00} is a norm, let 

= {x G B{T-L) : \\x\\cj, < 00} 
stand for the set of operators with finite norm. A norm || • is called symmetric if 

Iky^^lU < ||x||||?/||<^||z|| 

for any x,y,z £ bh. The standard references on the subject are the books by Gohberg and 
Krein |11] and Simon [18]. The set X,^ is a bilateral ideal in B{'H). Let 

stand for the closure of the finite rank operators in the symmetric norm, which is again 
a bilateral ideal of compact operators. Clearly C X^, while if = X^ we say that 

II • is regular. The ideals are the minimal and maximal ideals related to the 

symmetric norm, according to the classical literature |18l Chapter 2]. It will be assumed 

(unless otherwise stated) that || • H,^ is inequivalent to the uniform norm of B{'H), so 

are proper ideals of compact operators. Some elementary useful properties include the 

following: 

• unitary invariance: for any u,v € U{T-L), \\uxv\\(iy = ||x||(^. 

• gauge invariance: if x = n|x| is the polar decomposition of x, then \\x\\^ = \\ \x\ W^f,. 

• invariance for the adjoint: for any x, it holds \\x\\^ = ||x*||<^. 

What we are interested in here is in the unitary groups of || • ||<^, that is 

U^ = {u(^ U{n) :u-l€l^} or = {u £ U(n) :u-l£ xj°^}. 
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The topology in these groups is given by the metric 



d{u,v) = \\u - v\\^ = \\[u - 1) - {v - 
Well-known examples of symmetric norms are the norms (p > 1) given by 
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x\\p = Tr{\x\P)-, 



where Tr is the usual (infinite) trace oi B{T-L), and also the Ky-Fan fc-norms. In the case of 
the p-norms, the regular ideals induced are called p-Schatten ideals, and the unitary groups 
are examples of what Pierre de la Harpe calls classical Banach-Lie groups of operators on 
Hilbert space [T3]. Note that for p = oo,X^ = B{n) while = lC{n). 

3 The unitary group and its rectifiable distances 

The unitary group UiT-L) of B(T-L) is a smooth manifold in the uniform norm of B{'H), and it 
is in fact a real Banach-Lie subgroup of the full linear group. Its Banach-Lie algebra can be 
identified with B(T-L)ah, and if 7 : [0, 1] — >• W('H) is a smooth curve, then 7*(t)7(i) € B{'H)ah 
for any t E [0, 1]. Here smooth means and with non- vanishing derivative. 

It is well-known that if one endows the tangent spaces ofU{7i) with the Finsler metric 
that consists of measuring vectors with the uniform norm oi B{T-L), 



then the curves 6{t) = e**^, with Hermitian symbol z, are shorter than any other piecewise 
smooth curve joining its endpoints, provided ||z|| < tt (see the introduction for a proof). 
Thus the rectifiable distance related to the uniform norm is also known as exponential 
length in the unitary group (of a C*-algebra), and in that setting it is a relevant invariant 
of the classification theory, see [TB] and the references therein. 

However, in B(7i) (in fact, in any von Neumann algebra), any pair of elements u,v £ 
UiT-L) are conjugated by an Hermitian z with ||z|| < vr (i.e. there exists z G B{Ti)h such 
that ll^ll < vr and ue*^ = v). This element is unique if \\u — v\\ < 2, and in that case 
llzll < vr. Thus if one defines the rectifiable distance as the infimum of the lengths of curves 
joining its endpoints, 

doo{u,v) = inf < / II7II : 7 is piecewise smooth and joins u to f in U{T-L) \ , 



then doo{u, v) = \\z\\. 

Remark 3.1. Recall that there exists a constant such that ||x|| < c^||3;||^ for any 
symmetric norm || • H,^ and any x £ I^j,, see for instance jTH page 65 and the footnote 
at page 58]. The number c,^ is the value of || • H,^ on any one-dimensional projection. So 
we might as well assume from now on that = 1, i.e. ||x|| < for any x £ Z^. In 

particular, convergence in implies convergence in the uniform norm, and a continuous 
curve in is continuous for the uniform norm. 
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We will consider piecewise smooth curves 7 : [0, 1] — )• U^. Note that 7, 7 are continuous 
also in the uniform norm. Since 7 G X^, it is legitimate to define 

Definition 3.2. The rectifiable length of ^ is 




and the rectifiable distance among u,v S is 

d^(u, v) = inf {L^{'y) : 7 : [0, 1] — )■ is piecewise smooth and joins u to v in U^} . 

The function d^ is in fact a distance, since \\u — v\\^ < d^{u,v) for any u,v £ U^, see 
the related Proposition 14.81 below. 

One of the main features of this metric is that is invariant for the action of the unitary 
group U(T-L), in fact it is a bi-invariant metric 

d^{uviw,uv2w) = d^{vi,V2) 

for u,w £ U{T-L) and wi, £ 

Remark 3.3. Observe that, for given u E W^, u — 1 is a normal compact operator and 
thus admits a spectral decomposition relative to a family of disjoint projections {pfcjfcgNj 
namely n — 1 = ^ oikPk for some bounded sequence au- In fact lim/j Qfc = since it — 1 is 
compact. Now let Pq = I — ^IPk thus 

u = po + ^(1 + ak)pk- 

k 

It is then clear that |1 + a^l = 1 for any A: G N. Let {tfcj/cgN be a sequence of real numbers 
such that \tk\ < TT and e**'' = l + a^. In particular, tk -^k 0. From the elementary inequality 



|e^* - 1| = x/2(l-cost) > \t\^l - -, (1) 

valid for any t G [— 7r,7r], and the fact that 

, , I ^ 1, , 
\t\\ 1 > -\t\ 

for sufficiently small t, we derive that \tk\ < 2\ak\ for sufficiently large k. Thus the operator 
z € B{7i) defined by 2; = "^k^kPk is clearly compact and moreover z G X,^, since \ak\ are 
the singular values of n — 1 (see [HI page 69]). 
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Remark 3.4. The previous remark shows that for any u £ there exists an Hermitian 
z £ with ||z|| < vr such that e*^ = u. Moreover, if \\u — 1|| < 2 (or equivalently ||z|| < vr), 
this z is unique by the uniqueness of the principal branch of the analytic logarithm of u in 
B{'H). Then any pair of unitaries u^v £ can be conjugated with an Hermitian z G I^, 
ue^^ = V, with ||z|| < vr, and one can consider the elementary smooth curve 

6{t) = ue''' 

which joins them in U^. Its rectifiable length is \\z\\(j,. It is known, for the p-norms of BiTi), 
with p > 2, that these curves are shorter that any other piecewise smooth curve joining u 
to V, and hence 

dp{u, v) = \\z\\p, p > 2. 

Moreover the curve is unique, among C'^ curves joining u,v, if ||2;|| < vr and p < oo. The 
proof of these facts can be found in [31, Theorem 3.2]. See also [Ij for related results on the 
unitary group of a finite von Neumann algebras and their homogeneous spaces. 

4 Minimality of geodesic segments 

Let us establish some facts concerning the curves 1 1— )• ue**^ for Hermitian z joining u 
and V = ne*^ in lAfj,. We will call such paths geodesic segments. In this section we prove that 
the geodesic segments are short among piecewise smooth paths in i^^, when we measure 
them with the rectifiable distance. We begin with a technical lemma. 

Lemma 4.1. Let x,y £ IC{'H)h and assume that e*^ = e*^, ||x|| < vr. Then x commutes 
with y, and \x\ < \y\. Moreover, if \\y\\ < it, then x = y. 

Proof. Let t £ M. Then f^^v e^"" e'^^y = e^^^^e^^^e"**?^ = e'y . This is equivalent to 

exp(e**2'ixe-^*^) = e'y . 

Differentiating at t = we obtain exp^j^([y, x]) = 0. Since < vr, the map exp^j^ is 
invertible (see for instance [H Lemma 3.3]), and the first claim [y,x\ = follows. Now 
let {pk}k& C ViJ-L) be a family of disjoint projections (i.e piPj = if i / j) such that 
X = YloikPk, V = Yll^kPk, with ak,(3k real numbers. Thus e*^~*^ = 1 implies that there 
exist integers {nj}j=i...m, and disjoint projections {qj}j=i^^ m such that 

^(ttfc - (3k)Pk = 2vr ^ njqj. 
k j 

If ||y|| < TT, then multiplying by a fixed qj and taking norms gives 

2vr|nj| < ||x — y\\ < 2tt, 

which in turn implies nj = for any j = 1 . . . m, or equivalently x = y. 
In the general case, we have 

y — X = 2vrz njqj . 
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Let A C IC{T-l) stand for the abehan C*-algebra generated by the projections {pfcjfcgN- 
Then y — x G A, thus qj G A for any j because qj can be obtained via a uniform Hmit of 
polynomials in x — y. In particular, qj commutes with pk for any j, k. 

From ypf^ = xpk + 27r rijqjpi^., squaring both sides and rearranging terms we obtain 

f3lpk = alpk + 47r ^ nj{nnj + ak)qjPk- 
j 

Note that qjp^ is positive and also that nj{Trnj + a^) > for any j, k, since \ak\ < vr. This 
implies 

/3|pfc > alPk, 

thus \f3k\pk > {o^klPk, and summing over k yields \y\ > |x|. □ 

Remark 4.2. Note that if < s < t G X^, there exists a G B{T-L) such that ||a|| < 1 and 
s = at; in particular s € I(f, and < ||a|| < any symmetric norm || • \\^. 

The following proposition is our fundamental tool to prove that geodesic segments are 
short. Following an idea introduced by Li, Qiu and Zhang in |21j to study angular 
metrics in the finite dimensional Grassmannian, we prove a triangle inequality by using a 
remarkable result by Thompson [19] , a result that until not so lang ago had an incomplete 
proof since it depends on the validity of Horn's conjecture on the spectrum of the sum of 
two Hermitian matrices (see |10) and the references therein). 

Proposition 4.3. Let x,y £ IC{T-L)h- If z is a Hermitian operator such that e*^e*^ = e*^, 
and \\z\\ < IT, then there exist unitary operators and G B{'H), for A: G N, such that 

e*^ = lim gi^k^-'J't+i^kyvl 

fc— )-oo 

in the uniform topology. Moreover, if x,y G for some symmetric norm \\ ■ ||^, then 
z G and 

\\z\\^ < \\x\\^ + \\y\\^. 

Proof. If a and b are Hermitian matrices in M„(C) the problem was studied by Thompson 
[19] . In this case he proved that there exist unitary matrices Un,Vn G M„(C) such that 

Let us approximate in the uniform norm the compact Hermitian operators x and y with 
finite range Hermitian operators Xj^^^y^ G JiTi) for /c G N. That implies that lim^,_j.oo e*^* = 
e*^, limfc_^oo e*^''' = e*^ and 

lim ^'=6^2"= =e^ V 2^ = 6^^ (3) 

fc— >oo 

uniformly. Explicitly, since x is compact, so is and let Uj > be a rearrangement 
in decreasing order of the eigenvalues of |x| counted with multiplicity. Let ej stand for 
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the corresponding unit norm eigenvector. Then {ejjjgN is an orthonormal set, in fact an 
orthonormal basis of ran|x|, that can be extended to an orthonormal basis {ej} U {e'j} of 



Ti = ran\x\ © ker{x). 

Then if |x| = ajCj © ej is the singular value decomposition of where ej ej stands 
for the one-dimensional projection {ej, ■)ej, one obtains x = J2j ajej {usj). We let 



Xk 



and with a similar argument we let 



Vk 



k 

OjEj (g) {uej), 

i=i 



k 



where y = v\y\, {fj} is an orthonormal basis of ran\y\, and Pj > are the singular values 
of |y| in decreasing order. 

Then, if we denote with R{xk) the finite dimensional range of x^, since R{x].) = 
Ker{xk)'^, we can identify xj. as an operator from R{xk) to R{xk)- The same can be done 
with yk and R{yk)- If we define Sk = R{xk) + R{yk), then x^iSk) C Sk and yk{Sk) C 5fc, 
and therefore Xk,yk G B{Sk) — M„(C) (where n = dim{Sk))- 

From the finite dimensional result ^ , there exist , unitary linear transformations 
in Sk (that means that UkU^. = ps^, and VkV^l = ps,^, with the orthogonal projection on 
Sk) such that 

We can extend Uk,Vk G B{Sk) to the unitaries Uk = Uk+Ps^ and Vk = Vk+Ps^ S B{T-L). 

k k 

Then from the equality (jl]) valid in Sk we get the following in B{T-L) 



(5) 



By hypothesis ||2:|| < vr, then ||e*^ — 1|| < 2, and therefore ||e*^e*^ — 1|| < 2. Then, 
taking ko large enough 

\\e^^kf,iyk _ i|| < 2, for /c > ko. 

Let iLifc be the unique Hermitian operator such that iwk = log (e*^fee*^*=) and Ht^fcH < vr. 
Therefore using this and the expression ([5]) 

Then using {[3]) and the fact that ||z|| < tt and \\wk\\ < vr we get that 

lim Wk = z, (7) 
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in the uniform norm (in particular z is compact). Since (ukxu\ + v^^yv*^ — {ukXkU'^ + 
VkUk^k) ~^ then using ([B]) and ^ we get 

uniformly. 

Now, for each E N, from ^ and Lemma l4.ll we get 

\wk\< \ukXkul + Vkykvl\. 

Since Xk,yk are finite range operators, then Wk is also a finite range operator. From Remark 
14.21 above follows that 

\\wk\\<t, < \\xk\\,j, + WvkW^,- (8) 
If x,7/ G Iff,, since Xk = PkX for some orthogonal projection Pk € 'P('H), one obtains 

1 1 "^/i; I If/) ll^fc-^llt/) — II -^fc II 11*^11 ll"^l|(/>* 

Similarly \\yk\\^ < 112/ II 0- Thus from ([8]) follows that 

llw'fcll,^ < \\x\\cf> + \\y\\^, 

in particular 

sup lltLlfcllc^i < OO. 
k 

Since Wk ^ z uniformly, the noncommutative Fatou lemma \18\ Theorem 2.7(d)] gives us 
z £ and moreover 

IklU < Ikll^ + ||y||^. 

□ 

Corollary 4.4. Letx,y,z£l^ be Hermitian, e*^e*^ = e*^. r/ieni/||y|| < vr and ||z|| < vr, 

IklU < IklU + ||ylU- 

Proof. Consider the triangle spanned by l,e*^,e*^ in hl{T-i). Note that there exists e > 
such that 

\\^-ix^isz _ 1|| < 2 

if 1 — e < s < 1, due to the fact that ||e*^ — 1|| < 2. Thus ys € K.{H)h defined as iys = 
log(e~*^e*'^^) is well defined in the same interval, and depends smoothly on s; moreover it 
is easy to check that G X^, and then ||ys — — )• when s — 1^. By the previous 
proposition, since ||sz|| = s||z|| < vr for s < 1, we obtain 

\\sz\\^ < \\x\\^ + ||ys||<^ 

for s close to 1. Letting s — t- 1^ gives the claim. □ 
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4.1 Geodesic segments are short 

Recall that we use the term segment for the curves ue**^ in U^, with z £ Hermitian. A 
polygonal path is a continuous curve that consists piecewise of segments. 

Proposition 4.5. If z £ is Hermitian, \\z\\ < it, and P : [0, 1] is a polygonal path 

joining 1 to e*^, then L^{P) > H^H^. 

Proof. Iterating the argument, it suffices to prove the assertion for a path that consists 
of two segments, that is, assume e*^ = e*^e*^ and P consists of ^i{t) = e**^ followed by 
^2{t) = e*^e**^, with ||y|| < vr. Now Lfj,{P) > \\z\\^ is the claim of Corollary 14.41 □ 

Now we approximate a smooth path with a polygonal path. 

Lemma 4.6. Let 7 : [0, 1] —J- be piecewise smooth. Then for any e > there is a 
polygonal path P^ : [0, 1] — Utf, such that for any t G [0, 1], 

||P;(t)P,(t)-7*(t)7(t)IU<e. 

Proof. We may as well assume that 7 is smooth in [0,1]. Recall that 7,7 are continuous 
in the uniform norm. Let e > 0, and choose a partition = to < < " " " < = 1 of the 
interval [0, 1] such that, for any = 0, 1, • • • , n, 

||7(t) - 7(s)IU < 2 and \h*m{t) - Yis)^is)U < \ 

if s,t G [t/ctfc+i]- Then, by Remark l3.1l — 7(s)|| < 2 if s,t G [tfc,tfc+i]. Let log denote 
the principal branch of the analytic logarithm in B{T-L). According to Remark 13.41 the 
unique anti-Hermitian logarithm of ^*{tk)^{tk+i) in B{'H) such that ||2;|| < vr is in fact an 
element of X^, due to the fact that 

\h*{tkh{tk+i) - 111 < 2. 

Then put 

log(7*fa)7fa+i)) 

Zk — t -^(/>- 

Ifc+l — tk 

Now note that, for any fixed t G [0, 1], the map g : /i 1— t- ^ log(7*(t)7(t + h)), is well-defined 
and analytic, for sufficiently small h. Moreover, if /i — )• 0, then 

gih) ^ dlog,j*{t)j{t) = j*{t)j{t). 

Then, taking a refinement of the partition if necessary, we can also assume that 

Ikfc -7*(*fc)7(*fc)ll0 < I 
for any fc = 0, 1, 2 • • • , n. Consider the map P^ : [0, 1] — t- U{T-L) which is defined as 

Pe{t) = j{tk)e^'-''^>'^ for t G [tk,tk+i]. 

Then is certainly a polygonal path, and it is straightforward to see that verifies the 
claim of the lemma. □ 
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Theorem 4.7. Let u,v and v = ue^^ , with \\z\\ < vr, z € and Hermitian. Then, 

the curve 5{t) = ue**^ is shorter than any other piecewise smooth curve 7 inlA^ joining u 
to V, when we measure them with the norm \\ ■ \\^. In particular, d(f,{u,v) = \\z\\(i). 

Proof. It suffices to prove the theorem for u = 1. Assume first that ||2;|| < vr. For given 
e > 0, let Pe be a polygonal path in as in the previous lemma, joining 1 to e*^, such 
that 

||7*7-P;P,||<^<e. 
Let 5{t) = e**^. Then by Proposition 14.5^ 



\\z\U = L^d) < L^p,) = C \\p:p,\U < C h*i - P:Pe\U + < e + L4j), 

Jo Jo 

and thus L^{'^) > \\z\\(j). 

If ll^ll = vr, consider for s £ (0,1) the path 6s which is the geodesic segment joining 
7(s) to e^^^ Then 



f'l f'S pi PS fl 

/ ll7lU=/ II7IU+ / II7IU = / WiU + Lcf>i5s) + 
Jo Jo Js Jo Js 



I7IU - L^{6s). 



Note that for s < 1, the path 7|[o,s] followed by 6s is a piecewise smooth curve joining 1 to 
e***^. Since ||s2;|| = s||z|| < tt, by what we have just proved, 

I7IU + L^{6s) > s\\z\\^. 

Also note that, for s close to 1, 6s{t) = 7(s)e**^% with izs = log(7*(s)e*'*^). Since ||7(s) — 
— )• as s approaches 1 from the left, then H^sH,/, — )• as s — )• 1~. Then 

L<t,iSs) = / lli^'sll,^ = / ll^:^!!^ 

Jo Jo 
shows that L^{6s) — )• as s — )■ 1^. Now from 

I^(t>{l) = / ll7lU>s|NIU+ / \\i\\4, - L^{6s) 

Jo Js 

we obtain Lfp{'y) > \\z\\(j, letting s — )• 1~. □ 
4.2 Relation with the hnear metric 

Here we establish that the rectifiable distance is in fact uniformly equivalent to the linear 
metric in the unitary group U^. 

Proposition 4.8. Let u,v £ Us. Then 



7r2 



1 - d4,{u, v) < \\u - v\\^ < d^{u, v). 

In particular, the function d^j, is a distance in lA(j,, equivalent to the linear distance, and if 
the ideal 1(f) is complete, then the metric space {iU(i,,d(f)) is complete. 
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Proof. By the invariance of the metric, it suffices to check the inequahties of the assertion 
for V = 1. From equation ([T]) in Remark 13.31 it clearly follows that li u = e*^, with ||z|| < vr 
and z £ Hermitian, then the inequality on the left holds. The other inequality is trivial. 

As for the completeness, it suffices to check that U(j, is complete with the linear metric 
induced by the norm || • H,^. This follows from the fact that if {un} C Z^<^ is a Cauchy 
sequence, then the sequence {u„ — 1} is a Cauchy sequence in I^p, and by assumption it 
converges to an element z G X^. Let u = z + 1, we claim that u £ U{T-L). Note that 
\\un - u\\ = \\{un - 1) - z\\ < ||(u„ - 1) - z\\^ 0, heucc 

\\uu* — 1|| = lim ||n„n* — 1|| =0, 

n 

thus uu* = 1. Likewise, u*u = 1. □ 

5 Uniqueness of short geodesies 

In this section we prove uniqueness of short paths, assuming the symmetric norm is strictly 
convex. 

5.1 Dual norms and dual ideals 

Definition 5.1. Let Tr stand for the infinite trace of B{T-L). Let \\ ■ ||^/ be the dual norm 
o/ II • 11^, which is computed for x £ IC{7i) as 

\\x\\^> = sup{|rr(xy)| : ||y||<^ < 1}. 

This formula defines a norm \\ ■ \\fpi : }C{'H) — )• M U {oo}, all the properties of a norm are 
trivially verified with the exception that \\x\\(j)' =0 implies x = 0. But this follows from the 
singular values expansion 

X = u\x\ = UjCj ® (ucj). 
j 

By picking y = (e„ en)u* (see Remark \3. 1]) one obtains a„ = from \\x\\^i = 0, thus 
x = 0. 

Remark 5.2. Directly from the definition it follows that 

\Tr{xy)\ < ||x||<^||y||0'. 

Let II • 11^" = II • 11(0')', and X^" the corresponding ideal. Then it also follows directly from 
the definitions that 

< \\x\\^. 

In particular, ii x then x £ X^n. Note that, by definition, Z^i,X^» C K,{J-L). 

Remark 5.3. Let x £ JC{n), x > 0. Let E : IC{n) C*{x) stand for the unique 
conditional expectation compatible with the trace of B(T-L), which is obtained as follows: 
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let {efc} be a basis of ran{x), completed to a basis of H. Let Pk = ^k® ^k be the induced 
family of projections. Then for any y G fCiT-L), 

Tr{pky) = '^{pkyen,en) = {yek,ek) 

n 

thus Tr{pky) — >• and 

E{y) = ^Tr{pky)pk = "^PkVPk, 

k k 

which is known as a pinching operator. It is well-known that pinchings in finite dimensions 
are contractive for the symmetric norms, the result extends easily to our context, a property 
that turns out to be quite useful to estimate the norm of an element. 

The following lemma collects a series of useful facts regarding symmetric norms and 
their duals. 

Lemma 5.4. Let \\ ■ ||^ by a symmetric norm in B{T-L), let \\ ■ H^/ stand for its dual norm. 
Then 

1. II • \\ff,i is a symmetric norm in /C('H). 

2. Let X G fC{'H) be positive, let E stand for the induced conditional expectation. Then 
for any symmetric norm \\ ■ \\^, we have that E{y) £ whenever y G I^, and 
moreover 

\\E{y)\\^ < \\y\\^. 

3. Let x,y e B{%), then 

\Tr{xy)\ < \\xy\\i < ||x||<^||2/||0'. 
Lfx,ye B{n)h (orx,y G B{'H)ah), then Tr{xy*) G M. Thus, 

-||2;||</,||2/||</,' <Tr{xy*) < ||x||^||y||</,'. 

4- If x> 0, then \\x\\^i = s\xp{Tr{xy) : y>0,yx = xy, \\y\\^ < 1}. 

5. I(f, = I^" and \\ ■ \\^" = \\ ■ \\^. 

6. If X e T^, then ||x||</, = || |x| = sup{rr(|x|y) : y > 0, y\x\ = \x\y, \\y\\^> < 1}. 

Proof. 1. Let x G IC{'H), u G lAil-L). Then, since y ^ yu \s an isometric isomorphism 
for the norm || • H^, naming z = yu we obtain 

||nx||<^/ = sup{|rr(uxy)| : ||y||^ < 1} = sup{|rr(2;z)| : ||2;||0 < 1} = ||x||<^/, 

that is ll^ixll^' = ||x||0', likewise, ||xf||<^' = ||a;||<^' for any v Gl/({7i). Thus || • ||(^' is an 
unitarily invariant norm. Now assume that ||x|| < 1, then [T^ there exists G UiTi), 
k = 1 . . .n such that x = ^ Ylk=i '^k- Thus 

1 " 

\\xy\\^' ^ X] \\ukyU = 

k=l 
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hence < IblU' for any t G (0, 1), namely < Letting t — )• 1+ 

gives < IklHIylU') and with a similar argument one obtains the corresponding 

property for the right multiplication. 

2. Let Xn = J2]^=i'^j^j ® be the finite rank operators associated to the singular 
value decomposition of II — 7- as n — >• CO. Let pj = ej C5 Cj G ViJ-L) and 

p = Yl^=iPj ^ 'P{T~i)- Note that Mp = pB(7i)p which is a finite dimensional algebra. 
Let En ■ M.p — ?• M.p stand for the pinching 

n 

Enipyp) = ^PjVP- 

i=i 

Then, since any pinching is majorized by the identity (see for instance fS', page 97]), 
by considering the restriction of || • to Aip, we obtain 

\\En{pyp)U ^ WpvpU ^ hU- 

Note that, for any y £ B{'H), En{pyp) = En{y), thus if y G I^f,, 

sup ||£;„(y)|L < ||y|L. 



Since En{y) — ?• E{y) strongly, by the noncommutative Fatou Lemma [18^ Theorem 
2.7(d)], we obtain that E{y) G and ||£'(y)||0 < \\y\\,j,. 

3. If X,?/ G B{H), it is well-known that \Tr{xy)\ < Tr\xy\ = \\xy\\i, and then 

||xy||i = sup{|rr(nx7/)| : u G UiV.)} < ||nx||<^||y||0' = ||x||<^||7/||<^/. 

4. If X > 0, consider the conditional expectation E as in the second item. Then Tr{xy) = 
Tr{E{xy)) = Tr{xE{y)) since is a bi-module map compatible with the trace. Since 
E is contractive, 

{E{y) : ||y||<^, < 1} C {z G C*(x) : ||z||^, < 1}, 

hence 

||x||0' = sup |Tr(xy)| = sup |rr(x£'(y))| < sup |rr(x2;)| 
lls/||?><l II?/IU<1 zec*(x) 

lklU<i 

< sup ll-zxili = sup rr(x|2;|), 
lklU<i lklU<i 
where we have used that x and |2:| commute and thus x|z| = |x2;| > 0. Hence 

\\x\\<f,' < sup{Tr{xy) : y>0,yx = xy, \\y\\^ < 1}, 
and the other inequality is obvious. 
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5. Let X £ I^, then as we mentioned x G X^" and ||a;||0" < ||x||^ follow from the 
definition of dual norms. Now assume that x € Iff,", let Xn,p,Mp be as in the proof 
of the second item. Let = {Aip, \\ ■ which is a finite dimensional algebra. By 
the Hahn-Banach theorem, there exists (p G (X^* (the dual space) such that = 1 
and ip{xn) = \\xn\\(p- Being a finite dimensional algebra, there exists z G Mp such 
that (p{-) = Tr{z-). It is easy to check (using the definition of dual norms) that 

Thus 

\\Xn\\4> = ^{Xn) = Tr{XnZ) < \\Xn\\4," = \\pxp\\^" 

by definition of the second dual norm. Hence 

\\XnU < WpxpWcj," < \\x\\cl," < OO. 

By the noncommutative Fatou lemma, since Xn x in the strong operator topology, 
X G X^ and 

WxWd, < sup ||x„||<^ < ||x||<^//. 

n 

6. This assertion follows directly from the two previous items. 

□ 

Let X^ stand for the dual space of the normed ideal X^. 

Corollary 5.5. Let x* = x e X^. Then there exist a net {^i} C X^/ such that < 1; 

4* — — ^ii' ^ functional % G X^ such that rji = Tr{^i-) — >■ % in the u* -topology, 

and r]x{x) = ||x||^. 

Proof. For each y G X^/, let r]y{z) = Tr{yz), then rjy G X^ and \\r]y\\ < ||y||</>'- Consider the 
family 

J^x = {riy--ye let,', 2/ > o> y\x\ = \x\y^ WvU' ^ i}- 

By the last item of the previous lemma, there exists a sequence {yj} C Tx such that 

= limrr(|x|?/j) 
j 

Now if X* = X, write down x = \x\u = u\x\ (polar decomposition) and put 

Note that W^jWtp' < 1, = since u* = u and also that commutes with x. Moreover 

Tr{x^j) = ^[Tr{uyj\z\u) + Tr{yjuu\z\)] = Tri\x\yj), 

thus 1 1 a; 1 1 <^ = lim^ rr(a;^j). Since r)j G X^ and ||77j|| < 1, by the Banach-Alaouglu-Bourbaki 
theorem, the family {r)j} has a a;*-convergent subnet r/j to a functional rjx G X^, 

Vx{z) = limr]i{z) = limrr(^i2;) 
for any z G X^. In particular r]x{x) = \\x\\tp. □ 
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5.2 Uniqueness of short paths for strictly convex norms 
Definition 5.6. Let X be a Banach space. A norm \\ ■ \\ in X is 

1. strictly convex (or rotund) if \\x + y\\ = \\x\\ + ||y|| implies x = Xy. 

2. smooth if it is Gateaux differentiahle (at each x ^ £ X ) as a map from X to R. 
Equivalently, for any x £ X there exists a unique ipx £ X* such that \\(px\\ = 1 and 

Lpx{x) = \\x\\. 

It is well-known that if the norm on the dual space X* is rotund, the norm in X is 
smooth, and that if the norm in the dual space X* is smooth, then the norm in X is 
rotund. The reciprocal of these affirmations are false, see for instance [15, 2.36] and the 
references therein. 

Theorem 5.7. Assume that the norm \\ ■ \\^ is rotund. Let u,v,w € U(f, such that 

d^{u, v) = dif,{u, w) + d^{w, v), 

and assume that doo{u,v) < vr (equivalently, \\u — v\\ <2). Then u,v,w are aligned in U^. 
That is, there exists z* = z G with \\z\\ < vr such that 

V = ue^^, while w = tie**°^ 

for some to G [0, 1]. 

Proof. We assume that n = 1. Write v = e*^ with ||2:|| < vr. Let w = e^^ = e*^e~*^, with 
\\y\\ ^ \\x\\ < vr and x,y Hermitian operators in X^. That is v = e*^ = e*^e*^. Then our 
assumption is 

IklU = II^IU + llylU- 

Note that \\y\\,j, < \\z\\(j,, likewise, < ||z||<^. To prove the claim of the theorem, it 

suffices to show that y = Xz, since in that case, 

w = e'^ = e''e-'y = e'^^'^^, 

and we can pick to = 1 — X. In fact, if y = Xz, then since \\y\\(j, < H^^H^, we obtain |A| < 1, 
thus to = 1 — X > 0, and on the other hand, since 

(1 - X)\\z\\^ = \\x\\^ < \\z\\^ 

we also have to = 1 ~ ^ 1- 

We will use a standard variation technique to show that y = Xz. Consider the geodesic 
triangle in spanned by l,e*^ and e*^ = e*^e*^. Let 

= e'^'e'^^-'^y = e'^e-'^y. 

Since ||z|| < vr, if s > is small enough then 

||/3(s)-l|| < ||e*^-l|| + ||e^^s'-l|| <2. 
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Thus for small s > 0, the element Zs = (— i) log(/?(s)) is an analytic function of s, is 
Hermitian in and H^sH < vr. In particular, zq = z, and moreover from e*^^ = e^^e"***^ we 
obtain 

d 



ds 



s=0 



If we recall the formula for the differential of the exponential map in the unitary group 



dexp^(y) = [ e(i-*)^ye*^dt 
Jo 



for x,y £ B{T-L)ah (see for instance [H Lemma 3.3]), we obtain 

"1 



-y= e-'^ZQ&^dt. (9) 
JO 

Now by Theorem 14.71 W^sWcj) = d^{l, I3{s)), and by the triangle inequality for the distance 
d(j), we have 

\\x\\^ + (1 - s)\\y\\^ = \\z\\^ - s\\y\\^ < \\zs\\(f> < \\x\\^ + (1 - •s)||2/||</,. 
Thus, for any s > sufficiently small, 

-^S (/)~t~ ^ (/) II II 

= WvU- 

s 

Since Zs = z + zqs + o(s^), then \\zs\\^ > \\z + zqs\\ — o(s^) for small s > 0, and it follows 
that 

II II / IklU - \\z + zos\\ 

\\y\\<t> < ho(s). 

s 

Let {^j} C be a net as in Corollarv 15.51 such that \\z\\(f, = lim^ Tr(z^j) = r]z{z). Then 
\\z + ios|| > r(^i(z + zqs)) = r(^jz) + sT(ioCi)- 

Then 

WvU ^ T"te^o) +o{s). 

s 

Since the and z commute, by equation ([9]) we have T[^iy) = — T(^jio) for any i. Taking 
limit on i we obtain 

II2/IU < r]z{y) + o{s) < \\y\\^ + o{s) 
since Hr/^H < 1. Letting s — )• 0+ we obtain ||?/||^ = r/^(y). To finish, note that 

11^; + y\\4> > Vz{z + y) = Vziz) + = IklU + WvU^ 

which shows that y = Xz, since we are assuming that the norm || • \\^ is rotund. □ 

Corollary 5.8. If the norm \\ ■ \\^ is rotund, and z is a Hermitian element oflcf, such that 
\\z\\ < IT, then 6{t) = ue**^ is the unique piecewise curve in lA^ joining u to v = ue*^ 
with length equal to d^{u,v) = \\z\\^. 
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Proof. Assume that 7 is any short, piecewise smooth curve joining 1 to e*^. Let to £ (0, 1) 
and let 7(to) = e'^ = e*^e~*^, with \\y\\ < vr, ||x|| < vr. By Proposition 14. 51 and Theorem 14. 71 
apphed to each segment, 

IklU < IklU + < / II7IU+/ WiU = L^ii) = W^U, 

Jo J to 

hence ||x||0 + ||y||0 = \\z\\(f,. Now the claim of the corollary follows form the previous 
theorem. □ 

Remark 5.9. This result generalizes [H Theorem 3.2] for the p-norms {p > 2), where it 
was proved using a particular variational calculus for the p-norms, see also [1] 



Remark 5.10. If \\u — v\\ =2 (equivalently, if u = ue^^ with ||z|| = vr), then the segment 
6{t) = ne**^ is not unique as a short path joining u, v. In fact, it suffices to consider 
the case v = 1. Since the condition — 1|| = 2 is equivalent to —2 G a{u — 1), if 
x = u — iGZfjyC IC(T-L), this is equivalent to —1 G (t(x). Then, as in Remark 13.3^ 

u = l + x = po + Y, ^^"Pk = 1 + J^(e^*^- - l)pk 

k>l k>l 

where {pk}k>o are disjoint projections (finite dimensional for A; > 1, and \tk\ < vr, — )• 0). 
Let pi be the finite rank projection to the eigenspace of A = —1, then we can assume that 
ti = vr, and \tk\ < vr for k > 2. If the rank of po is one, there are exactly two logarithms of 
u in (with uniform norm equal to vr), corresponding to 

z = =Fi7rpi + i^tfcPfc- 

k>2 

However, if rank{pQ) = n >2, then there are an infinite number of decompositions pi = q + 
q' into proper disjoint projections, which allows to choose an infinite number of logarithms 

z = iirq - mq + i ^ tkPk 

k>l 

of norm equal to tt. 

Remark 5.11. Clearly, these results of existence and uniqueness of short geodesies joining 
given endpoints (Theorem 14.71 and Corollary 15. 8p hold verbatim if we replace ZY^ by uj^^ , 
the group associated to the minimal ideal which is the closure in the symmetric norm of 
finite rank operators. The same can be said for symmetric norms in matrix algebras, that 
is, if the dimension of the Hilbert space Ti is finite, a result which has interest on its own 
right. 
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